
Olimṕıada Pernambucana de Matemática 2024

Segunda Fase - Nı́vel 3 (Ensino Médio)

CADERNO DE SOLUÇÕES

1. D  ́  n > 0,   ̧̃ ́ n∗ 

n∗ = n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

E  ́  n   100   n∗       z.

Observação: A   z    ́ n∗  ́   ́ k ∈ N   n∗ = a · 10k,
 a ∈ N.

Solução:
A   z      m ́    k    10k ́   m.
C , 10k ́   m ,  ́ , 2k  5k ̃   m.
N  5  ,   ,  ́ n, n+ 1, n+ 2, n+ 3, n+ 4. C n < 100,  5k ́ 
 n∗ ̃ k ≤ 2.
V   22  n∗    n    ́ n, n+1, n+2, n+3, n+4 x 
   ̃ ,    n.
n∗ ́   z    ́ n, n + 1, n + 2, n + 3  n + 4   ́  25, 
 ́ ́  n = 21, 22, 23, 24, 25, 46, 47, 48, 49, 50, 71, 72, 73, 74, 75, 96, 97, 98  99.

2. Q ̃     20242024  ̃ ́ı  x 2024  ?

Solução:
T  2024 = 23 · 111 · 231. P, 20242024 = 26072 · 112024 · 232024.
S n    20242024. Ẽ, n = 2x · 11y · 23z,   0 ≤ x ≤ 6072, 0 ≤ y ≤ 2024  0 ≤ z ≤ 2024.
R  n ́ ́ı  x 2024   ,   ,

(x+ 1)(y + 1)(z + 1) = 2024 = 23 · 231 · 111

O,    ́     , x + 1, y + 1  z + 1,  x  
́   , 2, 2, 2, 11  23,       x. Ex C2

5 = 10 
    ́ 2.
C ,    ̂ ́ 2    x (3 ),  ́ 2  
x   ́ 2   x (6 )   ́ 2   x (1 ).
P , x 3      ́ 11  3      ́ 23. L, x
10 · 3 · 3 = 90   20242024  ̃ ́ı  x 2024  .

3. P  ́   n   ́  ̃  f(n)     
  :

1. f(ab) = f(a) + f(b);

2. f(n) = 0  n ́     10;

3. f(1) < f(35) < f(2) < 11.

S  f(2106) < 11,     f(96)?



Solução:
P  1.  f(35) = 5f(3).
D  0 ≤ f(1) < 5f(3) < f(2) < 11,   5f(3) ́  ́  5,  5f(3) = 5,  , f(3) = 1.
N  2106 = 2 · 34 · 13. A,   1.  2.  

f(2106) = f(2) + 4f(3) + f(13) = f(2) + 4

D f(2106) < 11,   f(2) < 7. U 3.  5 < f(2) < 7   f(2) = 6.
L,

f(96) = f(3 · 25) = f(3) + 5f(2) = 31

4. U         ABCD   10cm, ́      :
    ́ M  N   AB  CD, ,    I  Y 
 MN   Y ́    , I ́  M  Y    IY  1cm. C
́   S   ̂ AMND    ̂ ISY ́ ́  ̂   SŶ I =
45◦. E ,   ́      MI, IS  NY      IY  Y S
,      F  1  4,   F 5.

F 1  F 2  F 3

F 4  F 5

S     ̂    ̂ ́ ISY    SÎY = SŶ I, 70◦ < SŶ I <

75◦,  ́  ISY   

√
2

2
 z        ,  ́  

 ́  ̃  ̂ MBCN  ́   ̃  ̂ AM1N1D ́  ?

2



Solução:

C [ISY ] =

√
2

2
,      ̂ ISY    IS ́ h =

√
2 ,  T 

Ṕ,   Y S =
3

2
. A,  R     AD   BC ́  .

P   YM  RD,    L     ̂ Y LR ́  
̂ ISY ,   ̂ ISY ́   ̂ Y SF   ̂ SŶ R  OR̂Y ̃ 
,   Y R ́     AD  M1N1,  M1  N1 ̃  
  M  N , , ́      . Á ,  O 
  RD   Y O ́   AM1,   E   ́   Y I. Ẽ  ̂
EY S  ROY ̃  (́ AA). D ̧, 

OR

EY
=

OY

ES
=⇒ OR =

1

2
5

√
2
=⇒ OR =

5
√
2

4
.

A  T  Ṕ,  ̂ ROY 

(Y R)2 = (OY )2 + (OR)2 =⇒ Y R =

52 +


5
√
2

4

2

=⇒ Y R =
15

√
2

4


D ̧  Y LR  ISY  

LY

SI
=

Y R

IY
=⇒ LY =

45
√
2

8


A,  H   YM     HR    NC    . C

 ̂ ROY  Y HR ̃  ( ALA),   HY = OR =
5
√
2

4
. S T   

 AD   MB ́      . O   ̂ LHR 
LMT ̃  (́ AA). C

LH = LY −HY =
45

√
2

8
− 5

√
2

4
=

35
√
2

8
 LM = LY −MY =

45
√
2

8
− 5,

3





MT

HR
=

LM

LH
=⇒ MT =

45
√
2− 40)

7
√
2



D ,  ́  ̂ LMT ́

[LMT ] =
LM MT

2
=


45

√
2− 40

8


45

√
2− 40)

7
√
2



2
=


45

√
2− 40

2

112
√
2

,

  ́  LY R ́

[LY R] =
LY HR

2
=

45
√
2

8
5

2
=

225
√
2

16


L  ́  AS ́  

AS = 2  [YMTR]− [ISY ] = 2  ([LY R]− [LMT ])− [ISY ]

A,

AS = 2


225

√
2

16
−


45

√
2− 40

2

112
√
2


−

√
2

2
=

1800− 639
√
2

28

5. A, B́  C ̃  ́          . A ̂
  ,  x,  ̧̃  2023     :

Número Nome Atendente

1 C 1
2 C 2
3 C 3
...

...
2023 C 2023

N       ,  ̂ ̧       , 
 ́   . D       ,      
 ́ ı́  ,     ́     x  ?

Solução:
N                ̂ 
 2023,     A, B  C,      ̧  ́ ı́
 z. S an  ́  ̂   n    ̧̃  . N 
n ́ ı́.
D  ̂   n+ 2,   :

()  ̂     ̂;

()  ̂     .

N  ,     ́ ,   ̂   n 
 ̧̃  . C ́ 3       ́    ̂, ́ 3an
 ̂.
N  ,  ̂  -   ́  ́  ̂  
n  ̃   ̧̃  . C ,  ̂ ́     ́
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  z    ,  ́ ı́  z. A,    ̂  
n+2   ,     ̂ ̃     ̂  
n  ̃   ̧̃      ́       ́
  z,   . O, x 2(3n − an)  ̂.
P,  ́   ̂   n+ 2 ́

an+2 = 3an + 2(3n − an) = an + 2 · 3n

D bn = an3
n − 14,  

an+2 = an + 2 · 3n ⇔ bn+2 =
1

9
bn

A ̧̃ ́ı  ́

λ2 =
1

9


D́ı,   λ = 13  λ = −13. S   ̧̃    

bn = c1


1

3

n

+ c2


−1

3

n



R    an,  

an = c1 − c2 +
3n

4


U     a1 = 0  a3 = 6, 

an =
3

4
(3n−1 − 1)

R  a2023 =
3
4(3

2022 − 1).
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