
Olimṕıada Pernambucana de Matemática 2024

Segunda Fase - Nı́vel 2 (6º e 7º anos)

CADERNO DE SOLUÇÕES

1. A Á Ṕ ̃    T  F,     ́
   x     ́ . E     z 
́,    x  . U x ́     :

I,    (   ́)    L   .

(i) Ćı        ,  ̂ ̂,     ;

(ii) S    ̂ , ́ı       .

P    ,   ̧̃   ()  (),     
     ̧̃ ,      ̂      
     ̂   ().

N  x      .

(A) Q    z 10 ̧̃?

(B) Q ̂   z 20 ̧̃?

(C) Q        ́       z n ̧̃?

Solução:

(A) N ́ı  1      ̧̃       ̧̃  ̧̃
 ́  z   , ,  Q10     ́  ́
̧̃  

Q10 = 1 + 2 + 22 + 23 + · · ·+ 210 = 210+1 − 1 = 2047.



(B) P    Tn  ̂  ́  n-́  ́,  ̧̃,  
     ,  , Tn = Qn−1 = 2n − 1.

T20 = 1 + 2 + 22 + 23 + · · ·+ 220 − 1 = 220+1 − 1 =

(C) O   ́    ( ̂ ). C  ̂ ́ ̂,  
T  Ṕ,     ́    ́      
́ L2 . A,   T  Ṕ  z,   
     ́     n-́  ́   (n+ 1)L2.

2. O 15   ̃    OPEMAT         ,
 ,    OPEMAT   , , :

– Pessoal, é urgente! Temos uma demanda enorme e pouca gente para ajudar. O que faremos agora? –
Á   ̃,     ̂   ̃    x́-
  .
D       ̂          
    ?

Solução:
P    ,  :      ̂   ̃     
   ̃    ́   .
N  ,    . D,     ́x    ́.
P z   15 .
N  ,    ̃            
́x    ́. I     15 . D,     .
 ̃        ́ı ́ı 15-4=11   -. L,  ́ı
,  15 · 11 = 165   z     .
C   1 ̃       2,      ,
 ́ı ,  15+165=180   .

3. U ́  n ́  JOGLIANO       n ́  ́  7    
   , n−1, ́ ́  ́  7. P x, 160.000 ́  ́ JOGLIANO
 361.004 ̃ ́. D   ́ JOGLIANO.

Solução:
S n  ́ JOGLIANO. C  x̃   n  

n = ak · 10k + ak−1 · 10k−1 + ak−2 · 10k−2 + . . .+ a2 · 102 + a1 · 10 + a0,

  k ∈ N,  ak ̸= 0  ai ∈ {0, 1, 2, . . . , 9},  0 ≤ i ≤ k.
C,

n− 1 = ak · 10k + ak−1 · 10k−1 + ak−2 · 10k−2 + . . .+ a2 · 102 + a1 · 10 + a0 − 1.

S Sn      ́ n,  ́, Sn =
k

i=0 ai. S  a0 ̸= 0,  

Sn−1 = a0 − 1 +
k

i=1 ai. L, Sn − Sn−1 = 1,   z    n   ́ JOGLIANO,
 Sn  Sn−1 ̃ ́  7. S  a0 = 0.

S j   ı́    aj = 0. Ẽ

n = ak · 10k + ak−1 · 10k−1 + . . .+ aj+1 · 10j+1

N 
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n− 1 = ak · 10k + ak−1 · 10k−1 + . . .+ (aj+1 − 1) · 10j+1 + 9 · 10j + 9 · 10j−1 + . . .+ 9.

D́ı   Sn − Sn−1 = 1 − 9j. S Sn = ak + ak−1 + . . . + aj+1 + 0 + 0 + . . . + 0 ́  7 ̃
Sn−1 ́ ́  7 ,   , 1− 9j ́ ́  7.
P,    ́ı  j ́ 4   ́ n  ́ 70.000.

4. N   , AEBCD ́  ́   AB  DE,      F ,
̃   ́z ABCD  BCDE, . O  Q  ̧̃   AB  CE ́
 ́   BF    P  ̧̃   AC  DE z  ̧̃ DP = 2

3DF .
D  ́  ̃ ,    ́  ́ AEBCD ́ 24 2

Solução 1:
F  :

[A1A2...An]   ́  ́ı A1A2...An S AD ́    ̂ ABC ̃
[ABD]

[ABC]
=

BD

BC


[ADB]

[ADC]
=

DB

DC
.

E ,     ́  ̂  .

N  BCDF ́  ,     ̃ . Á ,  BQ = FQ 
BC ∥ FE -   ̂ QBC  QFE ̃   ́ (ALA). D́ı, FE = BC = FD
 BCFE ́ ́  . F̧ [APF ] = x. C PD = 2PF ,  [APD] = 2x. U
z  F ́  ́  DE,  [AFE] = [AFD] = 3x.

P  ,  ̂ CPD  APF ̃  (́ AA)  z̃
PD

PF
= 2. L

[CPD]

[APF ]
=

22 = 4,  [CPD] = 4x.
A  z̃  ̧   ̂ CPD  APF ,  PC = 2PA , ,
[CPF ] = 2x.
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A,    BCDF ,  FA = 1
2DC = 1

2FB = FQ , F ́  ́
 AQ  [EFQ] = [EFA] = 3x ( AQCD ́   ).
C     BCFE -  ,   [CQF ] = [CQB] = [BQE] =
[EQF ] = 3x.
S  ́    ̃ 

[AEBCD] = 24x.

C , x = 1   ́  ́  13.

Solução 2:

D     ́zABCD BCDE, -   ́BCDF ́  .
Á ,  BQ = FQ  BC ∥ FE    ̂ QBC  QFE ̃   ́
(ALA). D́ı, FE = BC = FD  BCFE ́ ́  . S ,  ̂ BFE, BFC
 CDF   ́ (   ̂ ̃ ,  ́    
       ).
F̧

[BFE] = [BFC] = [CDF ] = 2u.

N   ̂ CDF  CDA       () CD, :

[CDF ] = [CDA] ⇒ [CDP ] + [CPF ] =[CDP ] + [ADP ]

⇒ [CPF ] = [ADP ]

C,  ̧̃ PF = 1
3DF 

[CPF ] =
1

3
· [CDF ] =

2

3
u.

P,

[ADP ] =
2

3
u.

O,  DP = 2
3DF ,  [ADP ] = 2

3 [ADF ],  , [ADF ] = u.
U z  AF ́   ̂ ADE -:

[ADF ] = 2u.

D , [AEBCD] = 8u = 24,  u = 3.
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F,  ́  ́  

[AEF ] + [EQB] + [QCF ] + [CPF ] + [ADP ] = 3u+ 2 · 2
3
u = 9 + 4 = 13

5. O   π- ́               x.

E     k    n     ́ . S  p ́ 
 ı́,   x̃  k   p (  ̧̃  p)     ̧̃
 .

Solução:
S n = AB. P T  Ṕ,

k2 = n2 + pk,

, ,

k2 − pk − n2 = 0.

P F́  B,

k =
p+


p2 + 4n2

2
 k =

p−


p2 + 4n2

2
(1)
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C k ∈ N,     p2 +4n2 ́   ,  , x q ∈ N  

q2 = p2 + 4n2.

L,

p2 = q2 − 4n2 = (q − 2n)(q + 2n).

C p ́   p ≥ 3,   q − 2n = 1  q + 2n = p2. C,

q =
p2 + 1

2
 n =

p2 − 1

4
.

S  (1)

k =
p+

p2 + 1

2
2

=
(p+ 1)2

4
 k =

p− p2 + 1

2
2

= −(p+ 1)2

4
.

P,  k ∈ N,  

k =
(p+ 1)2

4
.
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