
Olimṕıada Pernambucana de Matemática 2023
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01. Só r st rno pós lr toas s nstru̧õs  quno or utorzo plos ss  sl.

02. Prn os os pssos.

03. A prov ́ ompost  5 qustõs ssrttvs: Pr  qust̃o sr́ trúıo um vlor m́xmo
 60 pontos, totlzno 300 pontos.

04. S o rno n̃o stvr omplto, x outro o sl  sl.

05. Ao rr  ol  rsposts, onr su nom  sus os pssos. Comunqu mtmnt
o sl qulqur rrulr osrv.

06. Os ss n̃o st̃o utorzos  mtr opn̃o nm  prstr slrmntos sor o ontúo s
provs. C ún  xlusvmnt o prtpnt ntrprtr  r.

07. As solu̧õs os xr́ıos por̃o sr ts  l́ps ou  nt. É  rsponsl o() stunt
vrr s  prov st́ l́ıvl nts  nv́-l. Pssns l́ıvs por̃o sr sonsrs.

08. S  Comss̃o vrr qu  rspost  um qust̃o ́ ú ou nxstnt,  qust̃o sr́ postr-
ormnt nul,  os pontos,  l orrsponnts, strúıos ntr s ms.

09. Dur̧̃o  prov: 4 ors.

Nome:

Número da Identidade: Órgão Expedidor:
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Q1. St os mos o π-r, N1, N2,    , N7 m prtpr  um torno lol  utol. O torno ́ om-
posto  3 prts  90 mnutos . Supon qu, m qulqur momnto  prt, um  pns um os
mos o π-r po ntrr m mpo,  qu o tmpo totl (qu ́ mo m mnutos) m mpo pr 
um os mos N1, N2, N3  N4 ́ vśıvl por 7  o tmpo totl pr  um os mos N5, N6  N7 ́ vśıvl
por 13. S n̃o ouvr rstr̧̃o sor o númro  susttu̧õs qu pom sr rlzs urnt  prt,
 quntos moos pomos strur o tmpo totl  prt ntr os mos o π-r,  moo qu 
mo ou plo mnos um mnuto?

SOLUÇÃO: S xi (i = 1, 2,    , 7) ́ o tmpo m mnutos o i-́smo mo o π-r m mpo. Ent̃o, o
prolm s rsum  nontrr s solu̧õs ntrs postvs 

x1 + x2 + · · ·+ x7 = 270 (1)

stszno 7xi (i = 1, 2, 3, 4)  13xj (j = 5, 6, 7). Supon qu x1 + x2 + x3 + x4 = 7m  x5 + x6 + x7 = 13n.
Rsult qu

7m+ 13n = 270,

om m,n ∈ N+, m ≥ 4  n ≥ 3. As solu̧õs (m,n)  qu̧̃o lnr ontn m qu tnm s on̧õs
m s̃o (33, 3), (20, 10)  (7, 17).

Quno (m,n) = (33, 3), tmos qu x5 = x6 = x7 = 13. Pono xi = 7yi (i = 1, 2, 3, 4), otmos

y1 + y2 + y3 + y4 = 33

Not qu xst um orrspon̂n uńıvo ntr s solu̧õs ntrs postvs  qu̧̃o m  s pr-
mut̧õs  um nrm omposto por 3 sns  +  29 sns  *. Portnto, xstm C3

32 = 4960
qu́rupls (y1, y2, y3, y4) qu tnm s on̧õs m  portnto 1 × 4960 = 4960 solu̧õs pr  qu̧̃o
(1).

S (m,n) = (20, 10), pono xi = 7yi (i = 1, 2, 3, 4)  xj = 13yj (j = 5, 6, 7), tmos qu

y1 + y2 + y3 + y4 = 20  y5 + y6 + y7 = 10

D orm n́lo o so ntror, tmos C3
19 × C2

9 = 34884 solu̧õs pr (1).

Por m, o so m qu (m,n) = (7, 17) prouz s qu̧õs (utlzno  msm mun̧  vr́vl m)

y1 + y2 + y3 + y4 = 7  y5 + y6 + y7 = 17

Nst so, tmos C3
6 × C2

16 = 2400 solu̧õs pr (1). Consquntmnt, pr (1) xstm

4960 + 34884 + 2400 = 42244

solu̧õs stszno s on̧õs m.
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Q2. Tr̂s rm̃os, Amn, Al  Artur, stvm rnno untos m um qurto rtnulr om 36m2  ́r
 splrm rnquos por too o mnt. No momnto  rrumr  un̧,  m̃ ls posonou
tr̂s stos ̂ntos  sunt orm: os nos ntos nts  um os los o qurto  o trro no
ponto m́o o lo oposto, omo xmplo n ur xo. Pr rrumr  un̧  um mnr
omtrmnt ntrssnt, os rm̃os rsolvrm vr  ́r ntrn o qurto m tr̂s rõs (plns)
otmzs,  moo qu:

– C um s rõs ont́m xtmnt um os stos;

– O ntror   um s rõs ́ ormo por toos os pontos o ntror o qurto uo sto ms
próxmo ́ qul onto nst r̃o;

Os rnquos ontos m  r̃o, vm sr uros no sto ms próxmo. Após  vs̃o, ls
vrrm qu nnum rnquo stv sor s rontrs ntr s rõs.

(A) Eso  um s posśıvs onur̧õs (orms s rõs) pr  vs̃o o qurto onsrno 
vr̧̃o s sus mnsõs. Justqu  su rspost.

(B) Dtrmn s ms s ́rs, m m2, s tr̂s rõs.

3



SOLUÇÃO:

Ftos qu um:

Smos qu rt prpnulr  um smnto AB o pssno plo su ponto m́o ́  mtrz  AB
 onsst o lur om́tro os pontos o plno qustnts  A  B.

Arma̧ão 1: O semiplano determinado pela mediatriz de AB e contendo o ponto B é o lugar geométrico dos
pontos P do plano tais que PB ≤ PA A igualdade ocorre se, e só se, P está na mediatriz de AB.

D to, onsr um ponto P o smplno ontno A trmno pl mtrz  AB or  mtrz
 or  rt AB. S C o ponto qu m qu  rt PB ort  mtrz  AB. Ent̃o CA = CB Pl
sul trnulr,

PB < PC + CB = PC + CA = PA

Arma̧ão 2: Uma reta qualquer que passa pelo centro de um retângulo (ponto de encontro de suas diagonais)
corta os lados opostos dos retângulo em pontos simétricos em relação ao centro. Além disso, divide o retângulo
em dois poĺıgonos congruentes e, consequentemente, de mesma área.

Com to, supon qu um rt pssno plo ntro N  um rt̂nulo ort um os sus los m um
ponto P . S P on om o ponto m́o st lo, o rsulto ́ mto, pos  rt ortr́ tm́m o
ponto m́o o lo oposto (por Tls)  trmnr́ os rt̂nulos onrunts.

Supon qu  rt ort um lo o rt̂nulo, ms n̃o m su ponto m́o. Pr xmplr o ro́ıno,
onsr o rt̂nulo AKMD  um rt pssno por N ortno o lo DM m P m um ponto stnto o
su ponto m́o S. Ent̃o,  rt NP ort  rt AK (prll  DM) no ponto ′P . A rt prpnulr o
lo DM pssno por S ont́m N  ort o lo oposto AK m su ponto m́o T .

Dst orm, os tr̂nulos PSN  P ′TN s̃o onrunts (ssm omo os tr̂nulos PMN  P ′AN). D́ı,
os pontos P  P ′ s̃o sm́tros m rl̧̃o o ponto N . Al́m sso, s urs PDAP ′  P ′KMP (om
vntulmnt P = D  P ′ = K) s̃o onrunts  tmos s sunts rl̧õs  ́rs:

[PDAP ′] = [ATSD] + [P ′TN ]− [PSN ] = [ATSD] = [TKMS] = [P ′KMP ] =
1

2
[AKMD]
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(A) Aor, onsr um rt̂nulo ABCD (rprsntno o qurto) om A, B  M pontos orrsponno os
stos 1, 2  3, rsptvmnt. Sm K ponto m́o o lo AB, N ponto m́o o lo AM , L ponto m́o
o lo BM  O runntro  ABM .

D oro om s onsr̧õs ts ntrormnt, s rõs ss s̃o ots pls ntrs̧õs os
smplnos trmnos pls mtrzs OK, OL  ON , os los o tr̂nulo ABM , rstrts o ntror
rt̂nulo ABCD.

Um s posśıvs onur̧õs st́ rprsnt pl ur  sur.

Not qu M prtn  mtrz OK qu v o rt̂nulo ABCD m os rt̂nulos onrunts (KM
xo  smtr). Portnto, pr otrmos s posśıvs onur̧õs s rõs, st nlsrmos o rt̂nulo
AKMD.

Consr o ponto P  ntrs̧̃o  mtrz ON om  prt o rt̂nulo AKMD qu st́ no msmo
smplno trmno pl rt AM qu ont́m o ponto D. Sm x = AK = 12AB  y = AD s mnsõs
o qurl́tro AKMD. D́ı, x · y = 18

Dpnno s mnsõs o rt̂nulo ou, quvlntmnt, pnno  nturz o tr̂nulo ABM
qunto os ̂nulos, P po sr um ponto o ntror o lo AD ou onnt om o ponto D ou um ponto
o ntror o lo DM , omo vrmos  sur:

1ª Conura̧ão: S o tr̂nulo ABM ́ rt̂nulo m M ou, quvlntmnt, s AB = 6
√
2 (ou AD = 3

√
2),

nt̃o s tr̂s rõs s̃o trnulrs.

D to, ABM ́ rt̂nulo m M s,  somnt s, K on om o runntro O  ABM . Pl rm̧̃o
2,  rt KN ort AD no ponto D, sm́tro  K ≡ O m rl̧̃o o ponto N . Loo o rt̂nulo AKMD ́
um quro, pos sus ons s̃o onrunts  prpnulrs. Isto oorr s:

x = y ⇒ x2 = 18 ⇒ x = y = 3
√
2
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2ª Conura̧ão: S ABM ́ um tr̂nulo ut̂nulo ou, quvlntmnt, s AB < 6
√
2 (ou AD > 3

√
2),

nt̃o s rõs s̃o orms por os trp́zos rt̂nulos  um pnt́ono.

Not qu o tr̂nulo sósls ABM ́ ut̂nulo s,  somnt s, o runntro O prtn o ntror o
tr̂nulo ou, quvlntmnt s AM̂B < 90◦. Como o runntro O prtn o smnto KM , nt̃o o
ponto P (sm́tro  O) prtn o lo AD. D outro moo,

AM̂K < 45◦ ⇒ AM̂K < MÂK ⇒ x = AK < KM = y ⇒ x < 3
√
2

Ou s, AB < 6
√
2 (ou AD > 3

√
2).

3ª Conura̧ão: S ABM ́ um tr̂nulo otus̂nulo ou, quvlntmnt, s AB > 6
√
2 (ou AD < 3

√
2),

nt̃o tr̂s rõs s̃o orms por trp́zos, os rt̂nulos  um sósls.

Fnlmnt, o tr̂nulo ABM ́ otus̂nulo s,  somnt s, o runntro O prtn o xtror o tr̂nulo
ou, quvlntmnt s AM̂B > 90◦. Nst so,  mtrz  AM ort os los AK  DM . Por outr
n́ls, n́lo o so ntror, tmos

90◦ < AM̂B < 180◦ ⇒ 45◦ < AM̂K < 90◦ ⇒ MÂK < AM̂K ⇒ y = MK < AM = x ⇒ x > 3
√
2

Ou s, AB > 6
√
2 (ou AD < 3

√
2).

AA BB

DD CC

KK

MM

OO

NN LL

QQPP

(B) Com os rumntos  onru̂n  smtr stlos n rm̧̃o 2, pomos onlur qu, n-
pnntmnt  onur̧̃o, o rt̂nulo ABCD  vo m qutro prts  msm ́r (urs
onrunts),  moo qu s rõs os stos 1  2 orrsponm  um sss prts    r̃o o sto
3,  oup por us sss prts. Loo, s ́rs s rõs os stos 1, 2  3 s̃o, rsptvmnt, 9m2,
9m2  18m2.
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Q3. Enontr toos os polnômos P (x) = anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x+ a0  um vr́vl om onts

a0, a1, · · · , an ntros pr os qus  qu̧̃o polnoml

P (x) = z

tm plo mnos um solu̧̃o ntr qulqur qu s z ∈ Z.

Solu̧ão: S P um polnômo  ru n om onts ntros, mos

P (x) = anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x+ a0, on a0, a1, , an ∈ Z

Consr o polnômo

Q(x) = P (x)− P (0) = anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x

Not qu: α ́ solu̧̃o ntr  P (x) = z s,  somnt s, α ́ solu̧̃o ntr  Q(x) = z + P (0).

Assm, prourr solu̧õs ntrs  P (x) = z ́ quvlnt  prourr solu̧õs ntrs  Q(x) = z + P (0).
Portnto, s pótss pr P s̃o trnsrs pr Q. Aor, osrv qu

Q(x) = x

anx

n−1 + a−2x
n−2 + + a2x+ a1


(2)

Por póts,  qu̧̃o Q(x) = 1 tm solu̧̃o ntrs. Loo,  (2),  solu̧̃o ss qu̧̃o v sr x = ±1.
D mnr n́lo,  qu̧̃o Q(x) = −1 v tr solu̧̃o ntr  novmnt  (2) ss solu̧̃o v sr
x = ±1. Loo,

Q(±1) = ±1 (3)

Consr or um númro prmo y. A qu̧̃o Q(x) = y tm solu̧̃o ntr   qu̧̃o (2),  solu̧̃o v
sr x = ±y ou x = ±1. Su  (3), qu x = ±y. Portnto, um os onuntos xo ́ nnto:

A1 = y ∈ N : y ́ prmo  Q(y) = y ou A2 = y ∈ N : y ́ prmo  Q(−y) = y

Assm, Q(x)− x ou Q(−x)− x tm nnts r́ızs  portnto s̃o ntmnt nulos. Loo:

Q(x) ≡ x ou Q(−x) ≡ x

Rpr qu  on̧̃o  qu Q(−x) ≡ x, quvl :

Q(x) ≡ −x

Portnto, um polnômo P stsz s on̧õs o nuno s,  só s, P (x) = −x + c ou P (x) = x + c pr
lum onstnt c ∈ Z.
Not por m qu s P (x) = X + c, on c ∈ Z, nt̃o s on̧õs o nuno s̃o ststs.
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Q4. Enontr toos os prs  ntros (m,n) ts qu


n+
√
25 · 2023 +


m−

√
25 · 2023 ∈ Z

SOLUÇÃO: Tmos qu 
n+

√
25 · 2023 +


m−

√
25 · 2023 = a ∈ Z

Loo,

m+ n+ 2


(n+

√
25 · 2023)(m−

√
25 · 2023) = a2 ∈ Z

Portnto, onlúımos qu

2 · (n+
√
25 · 2023)(m−

√
25 · 2023) ∈ Z

Dsnvolvno o prouto not́vl otmos

4 · (mn− 25 · 2023 + (m− n)
√
25 · 2023) ∈ Z

Isso só ́ posśıvl quno m = n. D́ı.

2m+ 2


m2 − 25 · 2023 = a2 ∈ Z

Loo,

m2 − 25 · 2023 = q2, q ∈ N

Not qu
2m+ 2q = a2 ∈ N

Assm,
a2 > 2m > 2

√
2023 > 89

Not n qu:

2 · 25 · 2023 = 2(m2 − q2) = a2(m− q),

o qu mpl m

a22 · 25 · 7 · 172

Como a ́ pr, tmos 3 possls pr a2 > 89

– a2 = 22 · 172: Assm m+ q = 2 · 172, m− q = 16 · 7, o qu nos ́ m = 345  a = 34

– a2 = 24 · 172: Assm m+ q = 23 · 172, m− q = 22 · 7, o qu nos ́ m = 1170  a = 68

– a2 = 26 · 172: Assm m+ q = 25 · 172, m− q = 7, o qu nos ́ m = 9255
2 , Como m n̃o ́ ntro, srtmos

ss so.

Assm s solu̧õs s̃o (m,n) = (345, 345)  (m,n) = (1170, 1170).
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Q5. Um xprmnto pr vrr  pot̂n  um lsr  prs̃o o ornzo  sunt orm: S̃o pos-
onos splos plnos nos pontos A, B, C, D, E, F , G  H , sor os los  um quro,  orm qu
um lsr mto  prtr o ponto A srvu  ln polonl  AFCHBGDA onorm  ur.
Vrou-s nt̃o  orm̧̃o  us rõs sno um om orm xonl SNLY VM  um pntonl
Y KROT . Sno qu s st̂ns ntr os splos onsutvos n r̧̃o orzontl  vrtl mm l
uns  omprmnto, trmn s ́rs s rõs pntonl  xonl srts m, m trmos 
l.

SOLUÇÃO: Osrv qu:

1. Os tr̂nulos GIS, CIS, ZIA  XIA s̃o onrunts, loo SI = XI = ZI;

2. S ́ o rntro o tr̂nulo IFD, ssm SI =
2

3


l
√
2

2


=

l
√
2

3
(
2

3
 mt  onl IE. Loo 

́r  ZIA, ́

A(ZIA) =
l
√
2
l
√
2

3
2

=
l2

3


Aplno o torm  Pt́ors o tr̂nulo ZIA qu ́ rt̂nulo m I, tmos

ZA =


(ZI)2 + (AI)2 =



l
√
2

3

2

+

l
√
2
2

=
2l
√
5

3


Osrv qu XC = IC − IX = l
√
2− l

√
2

3
, loo XC =

2l
√
2

3
,  o tr̂nulo ZIA ́ smlnt o tr̂nulo

XNC. Loo

ZA

XC
=

ZI

XN
=⇒

2l
√
5

3
2l
√
2

3

=

l
√
2

3
XN

=⇒ XN =
2l
√
5

15


9





ZA

XC
=

AI

CN
=⇒

2l
√
5

3
2l
√
2

3

=
l
√
2

CN
=⇒ CN =

2l
√
5

5


Loo,  ́r o tr̂nulo XNC ́

A(XNC) =

l
√
5

15

2l
√
5

5
2

=
2l2

15


Osrv qu:

() Os tr̂nulos HWY ,BWY , AWO  AWR s̃o onrunts. Loo WY = OW = WR;

() Y ́ o rntro  HIB, ssm, WY =
1

3


l
√
2

2


=

l
√
2

6
.

Aplno o torm  Pt́ors o tr̂nulo HWY qu ́ rt̂nulo m W , otmos

HY =


(WY )2 + (HW )2 =



l
√
2

6

2

+


l
√
2

2

2

=
l
√
5

3


Aor not qu HO = HW−OW =
l
√
2

2
− l

√
2

6
=

l
√
2

3
,  omo o tr̂nulo HWY ́ smlnt o tr̂nulo

HOT , tmos

HO

HY
=

OT

WY
=⇒

l
√
2

3
l
√
5

3

=
OT

l
√
2

6

=⇒ OT =
l
√
5

15


E,

HO

HY
=

HT

HW
=⇒

l
√
2

3
l
√
5

3

=
HT

l
√
2

2

=⇒ HT =
l
√
5

5


Loo,  ́r o tr̂nulo HWY ́

A(HWY ) =

l
√
2

2

l
√
2

6
2

=
l2

12

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Como V A =
FA

2
=


l2 + (2l)2

2
=

l
√
5

2
, Tmos qu

TV = V A− TA = V A− (TO +OA) = V A− (TO +HY ) =
l
√
5

2
−


l
√
5

15
+

l
√
5

3


=

l
√
5

10
,



TY = HY −HT =
l
√
5

3
− l

√
5

5
=

2l
√
5

15


Loo,  ́r  TY V ́

A(TY V ) =

l
√
5

10

2l
√
5

15
2

=
l2

30
,

  ́r o tr̂nulo HOT ́

A(HOT ) =

l
√
5

5

l
√
5

15
2

=
l
2

30


Assm,  ́r o pnt́ono Y KROT ́

A(Y KROT ) = 2A(HWY )− 2A(HOT ) = 2
l2

12
− 2

l2

30
= 2l2


30− 12

360


=

l2

10


E  ́r o x́ono SMV Y LN ́  por

A(SMV Y LN) = 4A(ZIA)− 2A(XNC)− 2A(TY V )− A(Y KROT )− 2A(HWY )

= 4
l2

3
− 2

2l2

15
− 2

l2

30
− l2

10
− 2

l2

12

= 4
l2

3
− l2

3
− l2

10
− l2

6

=
11l2

15
(4)
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SOLUÇÃO ALTERNATIVA: Sm pr  nrl, pomos ssumr qu l = 1 Vmos onsrr um
rrnl  smxos prpnulrs ntr s os plos smntos GE  GA,  oro om  ur xo:

Nss rrnl, s oorns os pontos sr̃o s por A(0, 2), B(1, 2), C(2, 2), D(2, 1), E(2, 0), F (1, 0),
G(0, 0)  H(0, 1)

S mXY o ont nulr  rt qu ont́m os pontos X = (x1, x2)  Y = (y1, y2), on mXY =
y2 − x2
y1 − x1

,

s qu y1 ̸= x1 Usno  ur m, tmos

mGD =
1

2
,mFC = 2,mGB = 2,mFA = −2,mHB = 1,mHC =

1

2
 mAD = −1

2

A qu̧̃o  rt qu ont́m os pontos X  Y ́  por y− y2 = mXY (x− y1) ou y− x2 = mXY (x− x1) As
qu̧õs s rts s̃o:

GD : y =
1

2
x

FC : y = 2(x− 1)

GB : y = 2x

FA : y = −2(x− 1)

HB : y − 1 = x

HC : y − 1 =
1

2
x

AD : y − 2 = −1

2
x

Usno s ntrs̧õs s rts orrsponnts, ́ posśıvl nontrr os sunts pontos:
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M =


4

5
,
2

5


, S =


4

3
,
2

3


, N =


8

5
,
6

5


, L =


1,

3

2


, Y =


2

3
,
4

3


, T =


2

5
,
6

5


, V =


1

2
, 1



K =


4

5
,
8

5


, O =


1

3
,
4

3


 R =


2

3
,
5

3




No qu su, notrmos por XY o omprmnto o smnto XY, A(SMV Y LN)  ́r  r̃o xonl,
A(ACEG)  ́r o quro  A(△FEC), A(△ANC), A(△AGF ), A(△TY V ), A(△ATL)  A(△MSF ) s
́rs os tr̂nulos △FEC, △ANC, △AGF , △TY V , △ATL  △MSF, rsptvmnt.

Ds qu os tr̂nulos △FMS, △TY V  △ATL s̃o rt̂nulos nt̃o usno  st̂n ntr os pontos  
órmul l́ss  ́r o tr̂nulo, ́ posśıvl onlur qu

A(ACEG) = 2 · 2 = 4

A(△FEC) =
1

2
· FE · EC =

1

2
· 1 · 2 = 1

A(△ANC) =
1

2
·AC


2− 6

5


=

1

2
· 2 · 4

5
=

4

5

A(△AGF ) =
1

2
·GF ·AG =

1

2
· 1 · 2 = 1

A(△TY V ) =
1

2
· TV · TY =

1

2
·
√
5

10
· 2

√
5

15
=

1

2
· 2

√
5

15
·
√
5

10
=

1

30

A(△ATL) =
1

2
· TL ·AT =

1

2
· 3

√
5

10
· 2

√
5

5
=

3

10

A(△MSF ) =
1

2
·MF ·MS =

1

2
·
√
5

5
· 4

√
5

15
=

2

15


Portnto,  ́r  r̃o xonl ́  por

A(SMV Y LN) = A(ACEG)− A(FEC)− A(ANC)− A(AGF )− A(TY V )− A(ATL)− A(MSF )

= 4− 1− 4

5
− 1− 1

30
− 3

10
− 2

15

= 2− 4

5
− 1

30
− 3

10
− 2

15

=
60− 24− 1− 9− 4

30

=
11

15


Como o tr̂nulo △KLY ́ rt̂nulo, nt̃o usno  st̂n ntr os pontos   órmul l́ss  ́r
o tr̂nulo, su qu

A(△KLY ) =
1

2
·KL ·KY =

1

2
·
√
5

10
· 2

√
5

15
=

1

30

A(△ABH) =
1

2
·AB ·AH =

1

2
· 1 · 1 =

1

2

A(△ABR) =
1

2
·AB ·


2− 5

3


=

1

6

A(△AHO) =
1

2
·AH · 1

3
=

1

2
· 1 · 1

3
=

1

6


O ́lulo  ́r o tr̂nulo △AOR ́  por

A(AOR) = A(ABH)− A(ABR)− A(AHO)

=
1

2
− 1

6
− 1

6

=
3

6
− 2

6
=

1

6

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Portnto,  ́r  r̃o pntonl ́ not  n por

A(Y KROT ) = A(ATL)− A(KLY )− A(AOR)

=
3

10
− 1

30
− 1

6
=

1

10


No so rl  um quro  lo 2l,  rz̃o  smln̧ os quros ́  l, loo  rz̃o  smln̧
ntr s ́rs orrsponnts ́  l2,  ssm onlumos  noss solu̧̃o.
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SOLUÇÃO ALTERNATIVA 2 : (Arno)

Osrv̧̃o: [A1A2An] not  ́r o poĺıono A1A2An

Fatos qu ajuam:

Rz̃o n qul um vn v  ́r  tr̂nulo:
S AD ́ um vn o tr̂nulo ABC, nt̃o:

[ABD]

[ABC]
=

BD

BC


[ADB]

[ADC]
=

DB

DC


Em prtulr, s Y ́ o rntro  um tr̂nulo IBH , nt̃o:

() Y v  um s mns IQ, BV  HL n rz̃o 2:1.

() [QY B] = x = 1
6 [IBH ]

() [V ILY ] = 2x = 1
3 [IBH ]

Usno  smtr o prolm, onsr  ur:

Pomos lulr s ́rs ss  sunt orm:

(1) [Y KROT ] = 2 · [QYKR]

(2) [SNLY VM ] = 2 · [V PNLY ] = 2 · ([ILY V ] + [IPNL]).

([ILY V ] = [IUSP ]  [IPNL] = [IV MU ] por smtr).
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1. Ára o pntáono:

Not qu

[V BH ] =
1

2
[IBH ] =

1

2
· 1
2
l2 =

1

4
l2

E, por (), tmos

[QY B] =
1

6
· 1
2
l2 =

1

12
l2

Por outro lo, onsrno s smln̧s  tr̂nulos  s osrv̧õs sor vns, su-s:

ABR ∼ DHR ⇒ RB

RH
=

AB

DH
=

1

2
⇒ RB =

1

2
RH =

1

3
HB

⇒ [V BR] =
1

3
[V BH ] =

1

3
· 1
4
l2

⇒ [V BR] =
1

12
l2

ABK ∼ DVK ⇒ KB

KV
=

AB

DV
=

l

3 · l2 =
2

3
⇒ KB

KB +KV
=

2

2 + 3

⇒ KB

BV
=

2

5
⇒ [RKB] =

2

5
[V BR] =

2

5
· 1

12
l2

⇒ [RKB] =
l2

30

Loo,  (1)

[OTY KR] = 2 · [QYKR] = 2 · ([QY B]− [RKB]) = 2 ·

l2

12
− l2

30



=


l2

6
− l2

15


=

5l2 − 2l2

30
=

l2

10

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2. Ára o xáono:

Por (), tmos

[V ILY ] =
1

3
[IBH ] =

1

3
· 1
2
l2 =

1

6
l2

Por outro lo,

[IDL] = [PDC] =
1

4
l2

D́ı,

DNP ∼ ANC ⇒ NP

NC
=

PD

CA
=

1

4
⇒ NP =

1

5
PC

⇒ [PDN ] =
1

5
[PDC] =

1

5
· 1
4
l2 =

1

20
l2

⇒ [IPNL] = [IDL]− [PDN ] =
1

4
l2 − 1

20
l2 =

1

5
l2

Portnto,

[SNLY VM ] = 2 · [V PNLY ] = 2([V ILY ] + [IPNL])

⇒ [SNLY VM ] = 2


1

6
+

1

5


l2 =

11

15
l2
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