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CADERNO DE QUESTÕES E SOLUÇÕES

LEIA AS INSTRUÇÕES ABAIXO ANTES DE INICIAR A PROVA!

01. Ś    ́  todas  ̧̃    z    .

02. P   .

03. A  ́   5 ̃ : P  ̃ ́ ́ı   ́x
 60 , z 300 .

04. S   ̃  , x     .

05. A     ,       . C 
    .

06. O  ̃ ̃ z   ̃       ́ 
. C ́  x     .

07. A ̧̃  x́ı ̃    ́   . É   () 
    ́ ́ı   ́-. P ́ı ̃  .

08. S  C̃       ̃ ́ ́  x,  ̃ ́ -
 ,   ,   , ́ı   .

09. Ḑ̃  : 4 .
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Q1. D-     z ́ı,    ́ı  , 
 L,  C   P. N       P + L+C    
113     P    ı́ 57 . Q ́    ́ı   , 
 ́,    ́ı?

SOLUÇÃO: C 57 ́      113   P − 57 ≥ 0  C − 57 ≤ 0. L

(P − 57)(C − 57) ≤ 0.

D  ,  

PC ≤ 57(P + C − 57).

M  ̧̃   L,  

LPC ≤ 57L(P + C − 57).

Uz   MA-MG, 

LPC ≤ 57L(P + C − 57) ≤ 57
(L+ P + C − 57)2

4
= 57 · 282.

P     ́ . P       P , L  C 
  .

T-: LPC ≤ 57 · 282. I,   P ≥ 57  2 · 57 = 154 ≥ 113 = P + L + C,  P = 57. A,
L+ C = 56  LC ≤ 282. N , LC = 282,    MA-MG, 

28 =
L+ C

2
≤

√
LC ≤ 28

A, -  L = C = 28   :

1) U  TFA,  ̧̃    LC = 24 · 72,  ̧̃ ́ L = C = 28. Q 
̧̃ ̃  L+ C = 56

2) T-: 282 = LC = L(56− L) = 56L− L2 ⇒ L2 − 2 · 28L+ 282 = 0 ⇒ L = 28  C = 28.

D ,        P = 57, L = 28  C = 28,    ́ V = 44688 m3.

SOLUÇÃO ALTERNATIVA

D  P ≥ 57  P + L+ C = 113 ̃,  , L− 57 < 0. C,

(P − 57)(L− 57) ≤ 0 =⇒ PL− 57P − 57L+ 572 ≤ 0.

L,

PL ≤ 57P + 57L− 572 =⇒
PLC ≤ 57PC + 57LC − 572C =⇒
PLC ≤ 57C(P + L− 57) =⇒
PLC ≤ 57C[(113− C)− 57] =⇒
PLC ≤ 57C(56− C).

N    ́x  ̧̃ C −→ 57C(56− C)   C = 28.
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Á ,
CPL ≤ 57 · 28(56− 28) = 57 · 282.

P    ́x,  C = 28, ́ ́        
 ́    ,  ́,

(P − 57)(L− 57) = 0 =⇒ P = 57,

 L− 57 < 0.

C P + L+ C = 113, C = 28  P = 57, ̃ L = 28.

P, C = L = 28  P = 57   ́x   282 · 57 = 44.688  ́.
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Q2. A       ̂  ́ . P   ̂,  ̧
        ́  -  ́ı   . P x:

967988 → 47 → 11 → 2

(A) M , ̃    ́ A ,        ́  
 ́ı.

(B) E    ́  1  1.000.000    ́ 1.

SOLUÇÃO: (A) S x  ́   n+ 1 ́ı (n ≥ 2)  S    ́ı  x,  ́,

x = an · 10n + an−1 · 10n−1 + an−2 · 10n−2 + ...+ a1 · 10 + a0


S = a0 + a1 + a2 + ...+ an.

Á ,

x = an · 10n + an−1 · 10n−1 + an−2 · 10n−2 + ...+ a1 · 10 + a0

> 9 + 9 + 9 + 9 + ...+ 9

≥ a0 + a1 + a2 + ...+ an−1 + an = S.

P, x > S,        ́  . L,    ́ 
́   ́ı.

(B) O ́    3 z    ́ ́ ́ı  3     ́ı ́ ́,
  ́ ́ ́   ̃  9. U ̃     ́ z 
  :  ́      ́ı x     ̃  3   9. U 
́  :

x− S = (an · 10n + an−1 · 10n−1 + an−2 · 10n−2 + ...+ a1 · 10 + a0)− (a0 + a1 + a2 + ...+ an−1 + an)

= an · (10n − 1) + an−1 · (10n−1 − 1) + · · ·+ a1 · (10− 1)

C 9 | 10n − 1   n , ̃ 9 | x− S     ́ x     ́ı S.

U  ,    ́    1 ̃ x   x  1  ́ı̃
 9. Ẽ    ́   1,    ́  1 
1000000 x  1  ̃  9. A  ́  

999999

9
+ 1 = 111112

.
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Q3. V   ̂      (n,m)  n  m ̃ ́ . E
̂ ́ ́ı            (n,m) 
n,m ∈ N (     z ̃ ́  ́ ). A ̂ ́ ́ı  
    x. V   Pn  -́   ̂. I  ̂
 P1 = (1, 1)        x, :

P2 = (2, 1), P3 = (2, 2), P4 = (1, 2), P5 = (1, 3), P6 = (2, 3), · · ·

  .

R   x,   ̂ :

(A) D P7  P12.

(B) D  ́  n  m   Pn = (6, 6)  Pm = (100, 100).

(C) D P2023.

SOLUÇÃO:

() U  ̧̃  , :

P7 = (3, 3), P8 = (3, 2), P9 = (3, 1), P10 = (4, 1), P11 = (4, 2), P12 = (4, 3).

() N  [0, 6]× [0, 6]  62 ,  P62 = (1, 6)  ́     .
R,   , 5   62 ,  P62−5 = (6, 6). L,    n 
zz Pn = (6, 6), ́ n = 62 − 5 = 31.

O     [0, 6] × [0, 6] ́  ̃   ,    [0, 2] × [0, 2]
 4   P4 = P22 = (1, 2)  P22−1 = (2, 2). N  [0, 3] × [0, 3]  9  
P9 = P32 = (3, 1)  P32−2 = (3, 3). P,    Pn2−(n−1) = (n, n). A,    n 
z Pn = (100, 100) ́ n = 1002 − 99 = 9901.

() N  2023 < 452 = 2025. L,     P2023 ́    [0, 45] × [0, 45].
P ̧̃  ,  P22 = (1, 2), P32 = (3, 1), P42 = (1, 4). Dz   ̃
  :

 n ́ , Pn2 = (1, n)   n ́ ı́, Pn2 = (n, 1).

S n = 45 ı́  2023 = 452 − 2,  P452 = (45, 1) ,       
, P2023 = (45, 3).
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Outras soluções para (b) e (c)

() P-   ̃      ̃    (x, x), 

P1 = (1, 1)
+2→ P3 = (2, 2)

+2·2→ P7 = (3, 3)
+2·3→ P13 = (4, 4), · · ·

O,    ̃          . A, 
     (n, n)   ̂,  ,

1, 1 + 2, 1 + 2 + 4, 1 + 2 + 4 + 6, · · · , 1 + 2(1) + 2(2) + · · ·+ 2(n− 1)

P,   n  z Pn = (6, 6) ́ n = 1+2(1)+2(2)+2(3)+2(4)+2(5) = 1+2+4+6+8+10 = 31.

E   m  z Pm = (100, 100) ́

m = 1 + 2(1 + 2 + 3 + · · ·+ 99) = 1 + 2
100 · 99

2
1 + 9900 = 9901

OBSERVAÇÃO:

1 + 2 + 6 + · · ·+ 2(n− 1) = 1 + 2 (1 + 2 + 3 + · · ·+ (n− 1)) = 1 + 2 · (n− 1)n

2
= 1 + n2 − n

() P  (),     Pk = (n, n) ́   k = 1 + 2 + 6 + · · · + 2(n − 1) = n2 − n + 1.
A:

– S n ́        ́   (1, n)

– S n ́     ́   (n, 1)

T 2023 = 452 − 2  452 − 45 + 1 = 1981. A, P1895 = (45, 45)   n = 45 ́ , 
 2023-1981=42       (45, 45). I,  P2023 = (45, 3).

6



Q4. J̃  P         ́ 111   . Ẽ,   
      ,  ́  ,  ́      ́ 111 
́ ́ ,      :  ̧   ́ı    ,  
   ,      1000.

P      ́    ̃ ́ ́ı . Ex: S    ́
 ̃ 113  333, 356  672, ̃      , , ̃ x ́   1000
   672    2.

M  x  ́       ̧.

SOLUÇÃO:

A ̧̃    :

1. O    999 ,  z   ́   . A,  ́  ̧
      ́;

2. Q  989 , ,        ́  3 ́ı    9  
    989,  ,   ́ 990, 991, 992, 993,994, 995, 997,998  999. N  
     .

3. S     ́    9,  ̃    ́  989,  . I ,
 ,           989.

P  ́      ̧ ́:

– O   ̧  191;

– S      ́  ̃   9, ̃      
́   n9n  n > 1. D ́   989.

D ,  ́   ́,  z    ́    ́   n9n,  ́x
     n9(n+ i),  i > 0. D ,         
 ́            ́    9   
.
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Q5. C     R,      ̂ ́   K =
1

R
,  R ́ 

  ̂     , ̃          z  
,    ́  x 6371 . Á    z  , C 
     Pm      ́   ̃ T. E   C  
                 . A   

  , C            ̂  
1

5
Pm,

    ́    ̂  
1

8
Pm   ,     

 
1

8
Pm          

1

5
Pm,       

                . C   
    ̃    , C ̃      ̧̃, 
́ı     ̂         . Q  
  C?

SOLUÇÃO:

A ̧̃ ́    x.

S CM  ̂        ́, R    P   . S C5 

̂      
1

5
  A, C1

8  ̂ z    AP 

 B, C2
8  ̂ z x   AP  T    ̂  C1

8  C2
8 . A

    PBT ́ ̂. L, PB = R− 1

8
 BT =

1

8
. A,    Ṕ,

PT =


R− 1

8

2

−

1

8

2

=


R2 − R

4
.

A     ABT ́ ́ ̂. L  AB =
1

5
+

1

8
, AT = AP + PT =

R− 1

5
+


R2 − R

4
 BT =

1

8
, 
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1

5
+

1

8

2

=


1

8

2

+


R− 1

5
+


R2 − R

4

2

=⇒ 1

5


1

5
+

1

4


=


R− 1

5
+


R2 − R

4

2

=⇒ 9

100
=


R− 1

5
+


R2 − R

4

2

=⇒ 3

10
=


R− 1

5
+


R2 − R

4



=⇒ 1

2
−R =


R2 − R

4
=⇒ 1

4
−R = −R

4
=⇒ R =

1

3
.

 

PT =


1

3

2

+


1

3



4
=


1

36
=

1

6
.

A  Cm  ̂    , G     r   . O   ̂ BTG

́ ́ ̂, BG =
1

8
+ r, BT =

1

8
 TG =

1

6
− r, , R =

1

3
, PT =

1

6
 PT + TG + r = R. A,

    ́,


1

8
+ r

2

=


1

8

2

+


1

6
− r

2

=⇒ r

4
+

r

3
=

1

36
=⇒ r =

1

21

.

D ,    CM ́ kM = 3     Cm ́ km = 21
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