
Olimṕıada Pernambucana de Matemática 2023

Primeira Fase - Nı́vel 2 (8º e 9º anos)

CADERNO DE QUESTÕES E SOLUÇÕES

LEIA AS INSTRUÇÕES ABAIXO ANTES DE INICIAR A PROVA!

01. Só r st rno pós lr todas s nstru̧õs  quno or utorzo plos ss  sl.

02. Prn os os pssos.

03. A prov ́ ompost  12 qustõs  múltpl sol: Pr  qust̃o sr́ trúıo um vlor
m́xmo  10 pontos, totlzno 120 pontos.

04. Pr mrr  rspost, utlz pns nt sror́ prt ou zul om o molo:

05. A mr̧̃o  ol  rsposts ́ ntv, n̃o mtno rsurs.

06. Mr̧õs upls, m rno ou rnts o xmplo m sr̃o sonsrs.

07. S o rno n̃o stvr omplto, x outro o sl  sl.

08. Ao rr  ol  rsposts, onr su nom  sus os pssos. Comunqu mtmnt
o sl qulqur rrulr osrv.

09. N̃o rsqu, n̃o mss, n̃o or  n̃o su  ol  rsposts, pos sso por́ pru́-lo.

10. Os ss n̃o st̃o utorzos  mtr opn̃o nm  prstr slrmntos sor o ontúo s
provs. C ún  xlusvmnt o prtpnt ntrprtr  r.

11. As solu̧õs os xr́ıos por̃o sr ts  l́ps ou  nt. É  rsponsl o() stunt
vrr s  prov st́ l́ıvl nts  nv́-l. Pssns l́ıvs por̃o sr sonsrs.

12. S  Comss̃o vrr qu  rspost  um qust̃o ́ ú ou nxstnt,  qust̃o sr́ postr-
ormnt nul,  os pontos,  l orrsponnts, strúıos ntr s ms.

13. Dur̧̃o  prov: 2 ors  30 mnutos.

Nome:

Número da Identidade: Órgão Expedidor:

Assinatura:
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Q1. Consr o tr̂nulo ABC nsrto num runr̂n uo ̂mtro ́ o smnto AC,  oro om  ur
xo:

Assum qu AC = 1, AB = a  BC = b  mnr qu ab =
1

3
. O vlor  a4 + b4 ́:

(A)
1

9

(B)
3

9

(C)
5

9

(D)
7

9

(E)
9

9
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SOLUÇÃO: Como um os los o tr̂nulo △ABC nsrto ́ o ̂mtro  runr̂n, nt̃o tl tr̂nulo
́ rt̂nulo, u potnus vl AC = 1  os ttos mm AB = a  BC = b. Plo Torm  Pt́ors,
vl  sunt rl̧̃o:

a2 + b2 = 1.

Sno qu ab =
1

3
 usno s sunts mnpul̧õs l́rs, tmos

a4 + b4 = (a2 + b2)2 − 2(ab)2

= 12 − 2


1

3

2

=
7

9
.

Portnto,  ltrntv orrt ́  ltr (D).
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Q2. Consr o quro ABCD uo lo m 3cm. Constru um novo quro AEFG tl qu EB = 1cm, 
oro om  ur xo:

A ́r o trp́zo CDGF m cm2 ́:

(A) 1

(B) 1, 5

(C) 2

(D) 2, 5

(E) 3
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SOLUÇÃO: D oro om  ur, st osrvr qu CD = 3, FG = 3−1 = 2  GD = 1. Usno  órmul
l́ss  ́r o trp́zo, onlumos qu  ́r o trp́zo m cm2  qul notrmos por A ́  por:

A =
(CD + FG) ·DG

2

=
(3 + 2) · 1

2

=
5

2
= 2, 5.

Portnto,  ltrntv orrt ́  ltr (D).
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Q3. Os smntos AO  CE s̃o prllos,  oro om  ur xo:

Assumno qu o ̂nulo AÔB = 20◦  o ̂nulo CÊD = 90◦, pomos onlur qu o ̂nulo CD̂E vl:

(A) 40◦

(B) 50◦

(C) 60◦

(D) 65◦

(E) 70◦
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SOLUÇÃO: Como os smntos AO  CE s̃o prllos, nt̃o pl rl̧̃o os ̂nulos ltrnos xtrnos,
onlumos qu AOB = DCE = 20◦. Ds qu o tr̂nulo △CDE ́ rt̂nulo m E  sno qu  som os
̂nulos ntrnos  um tr̂nulo vl 180◦, nt̃o su qu o ̂nulo CDE vl 70◦.

Portnto,  ltrntv orrt ́  ltr (E).
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Q4. QUESTÃO ANULADA Consr  qu̧̃o

x8 + 2x6 + 6x4 + 2x2 − 15 = 0.

Ent̃o o númro  solu̧õs rs  stnts  qu̧̃o m ́:

(A) 0

(B) 1

(C) 2

(D) 4

(E) 8
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Q5. Consr  un̧̃o fn : R → R  por

fn(x) = (x− n)(x− n+ 1).

O vlor mı́nmo  un̧̃o fn ́:

(A) −1

4
(B) 0

(C) 1

(D) 1− n

(E) n
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SOLUÇÃO: Osrv qu

fn(x) = (x− n)(x− n+ 1)

= x2 − (2n− 1)x+ n2 − n

=


x− 2n− 1

2

2
−


2n− 1

2

2

− n2 + n



=


x− 2n− 1

2

2
−


4n2 − 4n+ 1− 4n2 + 4n

4



=


x− 2n− 1

2

2
− 1

4
.

O qu mostr qu o mı́nmo  un̧̃o fn vl −1

4
 oorr quno x =

2n− 1

2
.

Portnto,  ltrntv orrt ́  ltr (A).
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6. S x o vlor  xprss̃o num́r

3
√
0, 125 · (0, 5)−3 · 416

417
.

Qul o vlor  x?

(A) 0, 5

(B) 1

(C) 2

(D) 4

(E) 8
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SOLUÇÃO: Lmrno qu

x =
3
√
0, 125 · (0, 5)−3 · 416

417
=

3
√
2−3 · (2−1)−3 · 232

234
= 1.

Portnto,  ltrntv orrt ́  ltr (B).
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7. Os númros nturs m, n, p, q, r  s s̃o ormos por 3 lrsmos n̃o nulos. Assumno qu sts númros
s̃o stntos  ormos plos msmos lrsmos, nt̃o m+ n+ p+ q + r + s ́ um múltplo :

(A) 10

(B) 100

(C) 110

(D) 200

(E) 222
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SOLUÇÃO: Consr a, b  c os tos stntos os númros m, n, p, q, r  s. Loo,

m = abc = 100a+ 10b+ c

n = bac = 100b+ 10a+ c

p = acb = 100a+ 10c+ b

q = bca = 100b+ 10c+ a

r = cab = 100c+ 10a+ b

s = cba = 100c+ 10b+ a.

Consquntmnt,

m+ n+ p+ q + r + s = 222(a+ b+ c),

o qu mostr qu  som ́ múltplo  222.

Portnto,  ltrntv orrt ́  ltr (E).
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8. S n um númro ntro postvo. Dn o númro n∗ por

n∗ = (n− 1) · (n− 2) · (n− 3) · · · 3 · 2 · 1.

Por xmplo,

6∗ = 5 · 4 · 3 · 2 · 1 = 120.

Dntr s ltrntvs xo, pomos onlur qu o númro  vsors prmos stntos o númro 21∗ ́:

(A) 2

(B) 8

(C) 10

(D) 11

(E) 21
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SOLUÇÃO: Osrv qu

21∗ = 20 · 19 · 18 · 17 · 16 · 15 · 14 · 13 · 12 · 11 · 10 · 9 · 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1
= (22 · 5) · 19 · (2 · 32) · 17 · (24) · (3 · 5) · (2 · 7) · 13 · (22 · 3) · 11 · (2 · 5) · 33 · 23 · 7 · (2 · 3) · 5 · 22 · 3 · 2
= 218 · 39 · 54 · 72 · 11 · 13 · 17 · 19.

Portnto, o númro  vsors stntos mors o qu 1 o númro 21∗ ́ 8, o qu mostr qu  ltrntv
orrt ́  ltr (B).
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9. QUESTÃO ANULADADzmos qu um númro postvo  tr̂s ́ıtos n̃o nulos ́ to médio s o su to

ntrl ́ o vlor m́o os sus ́ıtos xtrmos. Por xmplo, 543 ́ um númro m́o pos 4 =
5 + 3

2
. Pomos

rmr qu  qunt  númros m́os ́:

(A) 3

(B) 4

(C) 9

(D) 10

(E) 81
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10. QUESTÃO ANULADA

Quntos númros ntros ntr 99  1000 tm  propr  qu qusqur os ́ıtos nts rm 
um un? Por xmplo, 123, 789, 654.

(A) 14

(B) 21

(C) 28

(D) 35

(E) 42
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11. QUESTÃO ANULADADn

n

i=1

ai = a1 + a2 + a3 + · · ·+ an.

O vlor 
10000

n=1


1√
n
− 1√

n+ 1



́:

(A)
1

100

(B)
10

100

(C)
99

100

(D)
100

100
(E) 100
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12. Num onstru̧̃o om́tr, os pontos P1, P2, P3,...,P11 s̃o stntos  olnrs. Sno qu ntr os pontos
Pi  Pi+1 xstm xtmnt 3i rts prpnulrs o smnto PiPi+1. Pomos onlur qu  qunt
 rts prpnulrs o smnto P1P11 ́:

(A) 311

(B) 311 − 1

(C) 311 − 3

(D)
311 − 3

2

(E)
311 + 3

2
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SOLUÇÃO: A qunt  rts prpnulrs o smnto P1P11 vl

S = 3 + 32 + 33 + · · ·+ 310.

Multplno  rl̧̃o m por 3, otmos

3S = 32 + 33 + · · ·+ 310 + 311

Sutrno s rl̧õs m, onlumos qu

3S − S = −3 + 311.

Loo,

S =
311 − 3

2
.

Portnto,  ltrntv orrt ́  ltr (D).
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