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01. Só r st rno pós lr todas s nstru̧õs  quno or utorzo plos ss  sl.

02. Prn os os pssos.

03. A prov ́ ompost  5 qustõs ssrttvs: Pr  qust̃o sr́ trúıo um vlor m́xmo
 60 pontos, totlzno 300 pontos.

04. S o rno n̃o stvr omplto, x outro o sl  sl.

05. Ao rr  ol  rsposts, onr su nom  sus os pssos. Comunqu mtmnt
o sl qulqur rrulr osrv.

06. Os ss n̃o st̃o utorzos  mtr opn̃o nm  prstr slrmntos sor o ontúo s
provs. C ún  xlusvmnt o prtpnt ntrprtr  r.

07. As solu̧õs os xr́ıos por̃o sr ts  l́ps ou  nt. É  rsponsl o() stunt
vrr s  prov st́ l́ıvl nts  nv́-l. Pssns l́ıvs por̃o sr sonsrs.

08. S  Comss̃o vrr qu  rspost  um qust̃o ́ ú ou nxstnt,  qust̃o sr́ postr-
ormnt nul,  os pontos,  l orrsponnts, strúıos ntr s ms.

09. Dur̧̃o  prov: 4 ors.

Nome:

Número da Identidade: Órgão Expedidor:

Assinatura:
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Q1. Um númro nturl n ́ to qus-prmo s xst um úno númro nturl k, om 1 < k < n, tl qu k v
n. Por xmplo, 4 ́ um númro qus-prmo pos 2 ́ o úno nturl ntr 1  4 qu v 4, ms 12 n̃o ́ um
númro qus-prmo, vsto qu 2  3 vm 12. Dtrmn  qunt  númros qus-prmos ntr 1  400.

SOLUÇÃO: Supon qu n ́ um númro qus-prmo. Ent̃o, o númro nturl k qu v n tl qu
1 < k < n ́ úno om ss propr.

Afrmação 1: k ́ um númro prmo.

S k n̃o oss prmo nt̃o xstr lum númro nturl q om 1 < q < k tl qu q v k, sto ́, q tm́m
vr n tl qu 1 < q < n, o qu ontrz o to  n sr um númro qus-prmo.

Afrmação 2: n = k2.

D to, s k v n tl qu 1 < k < n nt̃o xst lum númro nturl q om 1 < q < n tl qu n = k · q.
Pl un, su qu k = q. Loo, n = k2.

Not qu 400 = 202. Ent̃o, ntr 1  20 xstm xtmnt 8 númros prmos, sto ́, 2, 3, 5, 7, 11, 13, 17  19.
Assm, os númros qus-prmos s̃o os por 22, 32, 52, 72, 112, 132, 172  192.

Portnto, o totl  númros qus-prmos ntr 1  400 ́ 8.
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Q2. Consr ABCD um qurl́tro onvxo onorm mostr  ur xo:

Sm M,N,P  Q os pontos m́os os smntos AB, BC, CD  DA, rsptvmnt. Dnot por [MNPQ]
 ́r o qurl́tro MNPQ  [ABCD]  ́r o qurl́tro ABCD. Clul o vlor  rz̃o

[MNPQ]

[ABCD]
.

SOLUÇÃO: Ds qu os pontos M  Q s̃o pontos m́os os smntos AB  AD, rsptvmnt, nt̃o o

smnto QM ́ um s m́ o tr̂nulo ABD  onsquntmnt, QM =
BD

2
. Al́m sso, os tr̂nulos

AQM  ABD s̃o smlnts u rz̃o  smln̧ ́  1 : 2. Dnotno por [AQM ]  [ABD] s ́rs os
tr̂nulos AQM  ABD, su qu

[AQM ]

[ABD]
=

1

4
.

Usno os msmos rumntos  not̧õs pr os outros tr̂nulos, onlumos qu

[DQP ]

[ACD]
=

1

4
(1)

[PCN ]

[BCD]
=

1

4
(2)

[MNB]

[ABC]
=

1

4
. (3)

Assm,

[AQM ] =
[ABD]

4
, [DQP ] =

[ACD]

4
, [PCN ] =

[BCD]

4
 [MNB] =

[ABC]

4
.

Loo,

[AQM ] + [DQP ] + [PCN ] + [MNB] =
1

4
· ([ABD] + [ACD] + [BCD] + [ABC]) =

[ABCD]

2
.

Portnto, [MNPQ] =
[ABCD]

2
 ́ı su qu  rz̃o

[MNPQ]

[ABCD]
́
1

2
.
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Q3. O π-r spõ  R$ 176,00 rs pr omprr oolts. El v  um lo qu os or m pns os
tpos: rnos  prtos. Os oolts rnos vlm R$ 5,00 rs  os oolts prtos vlm R$ 7,00 rs.
Utlzno o vlor totl xto spońıvl plo π-r, qul ́  mnor  mor qunt  oolts qu l
po omprr?

PRIMEIRA SOLUÇÃO: Pr trmnr  mor qunt  oolts qu o π-r po omprr om
176,00 rs, vmos omprr ms oolts rnos, qu s̃o os ms rtos , portnto, mnos oolts
prtos. Loo, vm-s omprr  mnor qunt  oolts prstos  moo qu o vlor rstnt s um
múltplo  5. Tm-s:

176 = 7 + 169, 176 = 2× 7 + 162, 176 = 3× 7 + 155

Como 169  162 n̃o s̃o multplos  5  155 = 31 × 5,  mnor qunt  oolts prtos qu pomos
omprr ́ 3 , om o rstnt os 176 rs, pomos omprr 31 oolts rnos. Assm, 34 ́  mor
qunt  oolts qu o π-r po omprr om os 176 rs; 3 prtos  31 rnos.

Pr trmnr  mnor qunt  oolts qu s pom omprr om os 176 rs, vm-s omprr
ms oolts prtos qu s̃o os ms ros , portnto, mnos oolts rnos. Ent̃o, vm-s omprr 
mnor qunt  oolts rnos  moo qu o vlor rstnt s um múltplo  7. Tmos:

176 = 5 + 171, 176 = 2× 5 + 166, 176 = 3× 5 + 161.

Como 171  166 n̃o s̃o múltplos  7  161 = 23 × 7,  mnor qunt  oolts qu o π-r po
omprr om os 176 rs s̃o 26 oolts: 3 rnos  23 prtos.

SEGUNDA SOLUÇÃO: Dvmos prourr númros ntros postvos n  m ts qu 7n + 5m = 176  u
som n+m s m́xm  mı́nm. Os múltplos postvos  7  5 s̃o rsptvmnt:

M(7) = {7, 14, 21, 28, 35, 42, 49, 56, 63, 70, 77, · · · } M(5) = {5, 10, 15, 20, · · · }
Pr qu  som  um múltplo  7 om um múltplo  5 s 176, tmos us possls:

1. O ́ıto  un o múltplo  7 s 1  o ́ıto  un o múltplo  5 s 5;

2. O ́ıto  un o múltplo  7 s 6  o ́ıto  un o múltplo  5 s 0.

Pr o prmro so tmos s sunts possls:

– n = 3, tŕımos 21 + 5m = 176, ́ı m = 31;

– n = 13, tŕımos 91 + 5m = 176, rsult m = 17;

– n = 23, tŕımos 161 + 5m = 176, su qu m = 3;

– Os outros múltplos  7 uo ́ıto  un ́ 1, s̃o mors qu 176.

Pr o suno so tmos:

– n = 8, tŕımos 56 + 5m = 176, rsult m = 24;

– n = 18, tŕımos 126 + 5m = 176, orn m = 10;

– Os outros múltplos  7 uo ́ıto  un ́ 6, s̃o mors qu 176.

Rsumno: Os númros ntros postvos n  m qu stszm  qu̧̃o 7n+ 5m = 176 s̃o:

n m n+m

3 31 34
13 17 30
23 3 26
8 24 32
18 10 28

Assm,  mnor qunt  oolts qu o π-r po omprr ́ 26   mor ́ 34.

4



Q4. Um rt mprs s mplmntr um proto qu prv̂  onstru̧̃o  vrss rrovs lno 4 s.
O proto stpul n lums rrs qu vm sr sus:

. Entr us s stnts qusqur pom vr no m́xmo us rrovs;

. To  v possur um ún rrov lno l  s msm;

. S ouvr um rrov lno um  A  outr  B, v vr tm́m um rrov lno B
 A;

v. S ouvr um rrov lno um  A  outr  B,  um sun rrov lno B  C,
nt̃o v vr um trr rrov lno A  C.

Pr xmplr um posśıvl mplmnt̧̃o o proto,  mprs ornu n um rm, on s 4
s s̃o rprsnts pls ltrs A, B, C  D  s rrovs, por s, onorm xo:

A

B

C

D

D qunts mnrs stnts  mprs po mplmntr ss proto?

SOLUÇÃO: S X = {A,B,C,D} o onunto s s. Drmos qu us s, n̃o nssrmnt
stnts, s omunm s ouvr um rrov ntr ls. Not qu  mnr  s mplmntr o proto
v s 4 s m rupos (n̃o-vzos)  s qu s omunm ntr s. Al́m sso, s qusqur
us s, ́ pns us possls: () ls prtnm o msmo rupo , portnto, s omunm; ()
ls prtnm  rupos stntos,  n̃o s omunm. Assm, por xmplo, um mnr  mplmntr o
proto sr vr s s nos 2 rupos xo:

{A,B,D},  {C}.

Not qu st mnr orrspon o rm orno no nuno o prolm. Or, pomos vr o
onunto X m rupos  sunt orm:

1. Um úno rupo om tos s s;

2. Um rupo om 3 s  outro rupo om um ;

3. Um rupo om 2 s  outro rupo om 2 s;

4. Um rupo om 2 s, outro om um   um trro om um ;

5. Qutro rupos om um  .

No so 1, só xst um ún mnr  ormr um rupo om s 4 s. No so 2,  sol  
qu n̃o s omunr́ om s ms trmn  vs̃o os os rupos. Isso po sr to  4 moos. No
so 3, sol um  qulqur. H́ 3 outrs s om qum ss  po s rlonr. Fto ss
sol, os os rupos m trmnos. No so 4, ́ 4 · 3 = 12 mnrs  s solr s us s qu
r̃o s omunr. Por́m  sol ss o ont us vzs, loo xstm pns 6 mnrs stnts.
Um vz sol o rupo om 2 s, os ms rupos m trmnos. Por m, no so 5, ́ um
ún mnr  s ormr 4 rupos om um  .

Rsult qu o númro totl  mnrs stnts  s mplmntr o proto ́ 1 + 4 + 3 + 6 + 1 = 15.
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Q5 Um lot́r vn lts  lotr numros squnlmnt  100.000 t́ 500.000. Um lt ́ prmo
s o númro ormo plos sus 3 últmos ́ıtos ́ ul o oro o númro ormo plos sus 3 prmros
́ıtos.

(A) Enontr os tr̂s lts prmos om mnor numr̧̃o  os tr̂s lts prmos om mor nu-
mr̧̃o.

(B) Quntos lts prmos xstm?

(C) Dtrmn  som s numr̧õs  toos os lts prmos.

SOLUÇÃO:

(A) Por nsp̧̃o os mnors lts prmos s̃o 100200, 101202  102204. Tm́m por nsp̧̃o, tmos qu
os mors lts prmos s̃o 499998, 498996  497994.

(B) Exst um lt prmo pr  númro  100 t́ 499. Loo, xstm 400 lts prmos.

(C) S n  numr̧̃o  um lt prmo. S A rprsnt o númro ormo plos ́ıtos o mlr,
s zns  mlr  s ntn  mlr  numr̧̃o o lt n  B rprsnt o númro ormo
plos ́ıtos s uns, s zns  s ntns o lt n, nt̃o n = 1000A+ B. Not qu um lt
́ prmo quno B = 2A.

Osrvno os númros otos no tm (A), pomos osrvr qu  rn̧ ntr  numr̧̃o  um lt
prmo   numr̧̃o o próxmo lt prmo no  100000 t́ 500000 ́ smpr 1002. Vmos provr
sso.

Not qu n = 1000A + B ́ prmo om 100 ≤ A < 499, nt̃o o próxmo lt prmo ́ o m = (A + 1) ·
1000 +B + 2. Dss moo,

m− n = 1000(A+ 1) +B + 2− (1000A+B) = 1002.

Assm, os lts prmos s̃o os om numr̧̃o 100200 + k.1002 om k vrno ntr 0  399.

Tmos qu lulr  sunt som S om 400 prls:

S = 100200 + 101202 + 102204 + · · ·+ 497994 + 498996 + 499998

Not qu  som o prmro om o últ́ımo númro  squ̂n ́ ul  som o suno om o pnúltmo
qu por su vz ́ ul  som o trro om o ntpnúltmo  ssm por nt, ou s,

100200 + 499998 = 101202 + 498996 = 102204 + 497994 = · · · = 600198.

Ent̃o,  som S s númr̧õs os lts ́ ul  um som om 200 prls us  600198. Dss moo,

S = 600198 · 200 = 120039600.
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